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A Tychonoff space X has to be finite if C,(X) is u-countably compact [23]. However, this is 
not true if only o-pseudocompactness of C,(X) is assumed. It is proved that C,(X) is U- 
pseudocompact iff X is pseudocompact and b-discrete. The technique developed yields an example 
showing that the theorem of Grothendieck [7] cannot be extended over the class of pseudocompact 
spaces. Some generalizations of the results of Lutzer and McCoy [9] are obtained. We establish 
also that n {C,(X,): t E T} is a Baire space in case C,(X,) is Baire for each t E T 
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1. Introduction 
Throughout this paper, all function spaces under consideration are meant to carry 
the topology of pointwise convergence. This topology, being the coarsest among 
the natural ones, serves in the best way to detect compact subsets of function spaces. 
The space C,(X) of all real-valued continuous functions on a Tychonoff space X 
may be considered as a linear topological ring with the ordinary operations of 
addition and multiplication. Nagata proved in 1949 [ 121 that complete information 
on X is contained in C,(X), i.e., if the rings C,(X) and C,(Y) are topologically 
isomorphic, then the spaces X and Y are homeomorphic. 
This result gives a clear motivation for attempts to classify those properties of X 
for which only the topology of C,(X) is responsible. To put it more formally, let 
us quote 
1.1. Problem (A.V. Arhangel’skii [3]). Let P be a topological property. When does 
there exist a topological property Q such that X has P if and only if C,(X) has Q? 
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1.2. Problem (A.V. Arhangel’skii [3]). When C,(X) has a given topological 
property? Find necessary and (or) sufficient conditions in terms of properties of X. 
Let us mention a few results related to these general problems. 
1.3. Theorem. For every completely regular space X 
(i) nw(C,(X)) =nw(X) [lo]; 
(ii) iw(C,(X)) = +(C,(X)) = d(X) PI; 
(iii) d(C,(X)) = iw(X) [13]; 
(iv) X is discrete iflC,(X) is homeomorphic to R’, where T = 1x1 [21]. 
We are going to study compactness properties of C,(X) and its subspaces. One 
cannot expect C,(X) itself to be compact, or even pseudocompact, but sometimes 
it is possible to approximate C,(X) in some way by a countable family of compact 
spaces, as the following result shows. 
1.4. Theorem (see A.V. Arhangel’skii [3] and M. Talagrand [19]). 
(i) A compact space X is an Eberlein compact if C,(X) has a dense u-compact 
subspace; 
(ii) Zf X is an Eberlein compact, then C,,(X) is an intersection of some countable 
family of u-compact subspaces of Rx. 
The space C,(X) is seldom o-compact. In fact it’s only for finite X that C,(X) 
is a-countably compact [23]. We give a complete characterization of the spaces X 
for which C,(X) is cT-pseudocompact. They do not need to be finite. 
It turned out that all that really matters for C,(X) being cT-pseudocompact is the 
possibility to decompose C;(X), or equivalently C,(X, I), into a countable union 
of its bounded subsets. Here C;(X) = C,(X) is the space of all bounded functions, 
and C,,(X,Z)={~EC,,(X):~(X)~Z=[-1, l]cR}-the ‘unit ball’ of C,(X). A 
subset Y of a Tychonoff space X is called bounded [3] if f E C,(X) implies 
f ] YE Cf( Y). It is clear that a pseudocompact space Y is a bounded subset of 
any space 2 2 Y, and that Y is pseudocompact iff it is bounded in itself. 
A Tychonoff space X is discrete if and only if C,(X, I) is compact. Therefore, 
the compactness properties of C,(X, I) measure the deviation of the topology of 
X from the discrete one. For instance, C,(X, I) is countably compact iff X is a 
P-space [2]. A remarkable thing about C,(X, I) is that for every B E {compactness, 
countable compactness, pseudocompactness} the space C,(X, I) has 9 if and only 
if it has (T - 9, i.e., C,(X, I) = IJ {F,: n E o} and each F, has P. 
Now we are going to display the picture of what is known about the mentioned 
properties of C,,(X) and C,,(X, I). Necessary definitions are given in Section 2. 
1.5. Summary of Section 3. For any Tychonoff space X and i, j, k E 6 the properties 
1.5.i.j and 1.5.i.k are equivalent (if present at the list below). 
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1.5.1.0. X is finite; 
1.5.1.1. C,(X) is o-compact; 
1.5.1.2. C,(X) is u-countably compact. 
1.5.2.0. X is discrete; 
1.5.2.1. C,(X, I) is compact; 
1.5.2.2. C,(X, I) is (+-compact; 
1.5.2.3. C,*(X) is u-compact. 
1.5.3.0. X is a P-space; 
1.5.3.1. C,(X, I) is countably compact; 
1.5.3.2. C,(X, I) is a-countably compact; 
1.5.3.3. C:(X) is a-countably compact. 
1.5.4.0. X is pseudocompact and b-discrete; 
1.5.4.1. C,(X) is u-pseudocompact; 
1.5.4.2. C,(X) is u-bounded. 
1.5.5.0. X is b-discrete; 
1.5.5.1. C,(X, I) is pseudocompact; 
1.5.5.2. C,(X, I) is a-pseudocompact; 
1.5.5.3. C:(X) is a-pseudocompact; 
1.5.5.4. C,(X, I) is a-bounded; 
1.5.5.5. Cc(X) is u-bounded. 
All implications for is3 were proved in [23], though not all of them were 
formulated there. At to i E 6\4, that’s the point of Theorems 3.9 and 3.11, proved 
in Section 3. 
It is easy to deduce from the results above that there exists a pseudocompact 
space X with C,(X, I) pseudocompact but not countably compact. This example 
answers a question of Asanov and VeliCko [5], which they advanced after proving 
that for any countably compact space X and a closed bounded Yc C,(X) the 
subspace Y is compact. Asanov and VeliEko’s result is a generalization of a similar 
theorem of Grothendieck [7], proved for a compact X and a countably compact Y. 
In Section 4 we turn to completeness properties of C,(X). Our Theorem 4.1 
extends over the class of all Tychonoff spaces the characterization of pseudocomple- 
teness of C,(X), given by Lutzer and McCoy in the class of pseudonormal spaces 
[9]. As a corollary, a characterization of the P,-property in X is obtained in terms 
of the topology on C,(X). We establish also that n {C,(X,): (Y E A} is a Baire space 
in case Cp(Xu) is Baire for each (Y E A. 
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2. Terminology and notations 
From now on ‘a space’ will mean ‘a Tychonoff space’. For a space X let F(X) 
be the topology on X and 9*(X) = y(X)\(0). The closure of a set A c X is denoted 
by A, or Ax if we want to emphasize the space, the closure is taken in. A sequence 
{U,,: n E w}c 9*(X) is a whirlpool if u,,+, c U, for every n E w. If a family y c 
y*(X), and YcX, then y 1 Y={Un Y: UE y and Un Y#@}. 
Let F be a topological property. We say that a space X has (T- I? if X = 
lJ {X,,: n E w} and X,, has 13 for every n E w. For an infinite cardinal 7 a P,-space 
(or equivalently, a space, having the P,-property) is a space in which every G,-set 
is open. A G,-set is an intersection of ST open sets. The P,,,-spaces are usually 
called P-spaces. 
2.1. Definition. A space X is called 
(i) w-discrete if all countable subsets of X are closed; 
(ii) C,-discrete if all countable subsets of X are C-embedded in X, i.e. every 
continuous function defined on a countable subspace of X can be continuously 
extencbeb OYM x; 
(iii) b-discrete if each countable subset A of X is discrete and C* -embedded in X. 
The formula X = Y says that the space X is homeomorphic to the space Y. 
2.2. Definition [l]. A space X is pseudocomplete if there is a sequence {B,: n E w} 
of r-bases in X such that for any whirlpoof ( Un: n E wj with Un E B, we have 
n { Urn: n E w \# 0. The sequence {B,,: n E w ) is called pseudocomplete sequence for 
the space X. 
2.3. Definition [4]. A function f: X + R is strictly r-continuous for an infinite cardinal 
7 if fan evep hc;X 501 vJ~@$$S 79nere.1~ agE7&X:.) *tin>> A=_$ > k. 
Let us call the spaces X and Yt-equivalent [3] and write X ^t. Y if C,(X) = C,,( Y). 
A property r? is called t-invariant [3] if X has P and Y A X implies Y has I?. 
For any X, the space PX is the tech-Stone compactification of X and VX is its 
Hewitt TeaiiIcompatiification. 
Let x,, . . . , x, E X be n different points, and 0,, . . . , 0, E F*(R). Then 
M(x,, . . .)X,, o,, . . .) 0,) ={fE Cp(X):f(Xi) E Oi for all i = 1,. . . , n}. It is clear 
that the family B = {M(x,, . . . , x,, 0,) . . . , 0,): xi E X, Oi 6 P(R) for every i = 
l,..., n} is a base of the space C,(X). We will call B the standard base of C,(X) 
and the elements of B the standard open sets. For a space X and A c X let 
v*: C,(X) + C,(A) be the restriction mapping, i.e., am =f 1 A. This mapping 
could be defined on Rx in the same way. 
A subspace 2~ Ix is said to cover countable faces of Ix if for every countable 
A c X we have ~~(2) = IA. 
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3. Decomposition of function spaces into a countable union of bounded subsets 
First of all, let us list some well known simple facts about bounded subsets which 
we will need in the sequel. 
3.1. Proposition. For every space Z and Y c 2 the following conditions are equivalent: 
(i) Y is bounded in Z; 
(ii) Y is bounded in Z; 
(iii) Yyz is compact; 
(iv) if y c y*(Z) is discrete, then Iy 1 YI < w. 
3.2. Proposition. Let Z be a space, and Y c Z its bounded subset. Then 
(i) if T c Y, then T is bounded in Z; 
(ii) if Z is a subspace of Z, , then Y is bounded in Z,; 
(iii) iff: Z + Z, is a continuous mapping, then f( Y) is bounded in Z, . 
3.3. Proposition. Let P be the class of all u-bounded spaces, or the class of all 
w-pseudocompact spaces. Then (i) iff: X + Y is a continuous onto mapping and X E p, 
then YE p; 
(ii) ifX =U {X,: nEw} andX,EI?, thenXEp; 
(iii) C,(X, I) E F zf C,*(X) E f3. 
Proof. Only the proof of (iii) is needed. Let 5 : R + R be defined as follows: t(x) = x 
forxE1, &(x)=1 forx>l,and ((x)=-l ifx<-l.Thenthemapping r:f++tof 
for every f E C,(X) is a retraction of C,(X) onto C,(X, I). Evidently, r ] C,*(X) 
is a retraction of C,*(X) onto C,,(X, I) and by 3.3(i) the if-part of 3.3(iii) is proved. 
As C,*(X) = U {F,: n E w\(O)} where F,, = C,(X, [-n, n]) = {f E C,*(X): f(X)c 
[-n, n]}, and F,, 1 C,(X, I) for all n E o\(O), we may use 3.3(ii) and conclude that 
C:(X) E I? in case C,(X, I) E P which completes the proof. 0 
3.4. Lemma. A space X is b-discrete if and only if C,(X, I) is pseudocompact (i.e. 
1.5.5.0 e 1.5.5.1). 
Proof. As C,(X, I) is dense in I x, it is pseudocompact if and only if it covers all 
countable faces of Ix [20], i.e. rr+,(C$,(X, I)) = IA for every countable AC X. And 
that is exactly what the definition of b-discreteness says. 0 
Now we have 1.5.5.0 e 1.5.5.1 + 1.5.5.2 a 1.5.5.3 * 1.5.5.4 e 1.5.5.5.5 and all 
we need to keep our promise is to prove, that 1.5.5.4 + 1.5.5.0. 
3.5. Proposition. Zf C,(X, I) is u-bounded, then X is w-discrete. 
Proof. Let C,(X, I) = U {F,: n E w} and every F,, is bounded in C,(X, I). Assume 
the opposite. Then there is a countable set AC X and a point X~E A\A. Take the 
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mapping 5 : R + R defined in the proof of 3.3. Then the correspondence f(x) + 
[(f(x)-f(x,)) is a retraction of C,(X, I) onto 2 ={f~ C,(X, Z):f(x,,) =O}, and 
therefore the space Z is u-bounded, say Z = lJ {Zi: i E o} where Zi is bounded in 
Z, i E w. 
3.6. Lemma. Let Y be a bounded subspace of Z and y = {U,,: n E o} is a whirlpool 
with n y=@ Then {nEw: U,,n Y#@} isJinite. 
Proof. If there is a whirlpool y = { U,,: n E w} for which 3.6 is not true, then there 
exist a monotonically increasing sequence {m,. ’ n E w} of integers and a sequence 
{x,: n E w} c Y such that x, E U,,,n n Y and x, & a,,,+, for each n E w. The sequence 
{Urn,,: n E w} is clearly a whirlpool with empty intersection. Hence the family y1 = 
{ unlO\ Qn,,+,: n E w} is a discrete one. This implies Iyl 1 YI < w by 3.l(iv). 
But x, E (U,,,\ U,,,,,) n Y for every n E w, which gives a contradiction. Cl 
Choose a numeration {x1, x2,. . . } = A for the set A. 
3.7. Lemma. For every bounded Y c Z and 1> E > 0 there exists a k = k(e) E w such 
that fg Y wheneverf(xi) 3 E for i = 1, . . . , k. 
Proof. Consider the open sets U,, = M(x,, . . . , x,, (E - l/n, 11,. . . , (F - l/n, 11) n Z 
for n > e-l. It is clear that y = {U,,: n > e-‘} is a whirlpool. If f E n y then f (xi) 2 E 
for i=l,..., n ,..., but f(x,J = 0, so f & C,(X). Thus, n y = 0 and by 3.6 there is 
a number k for which U, n Y = 0 if n 3 k. As any f E Z with f(x,) 2 F for all 
i=l,..., k, is an element of U,, we have f E U, c Z\ Y. 
Using 3.7 we 
2-” for i = 1,. 
Pickf,EZwithf,~Oandf,(x,)=lforeachi=l,...,k,andletf=C~=,2-”.f,. 
There is no doubt that f E Z. But whatever n E w\(O) and is k,, we have f(x() 2 
2-” . fn(x,) = 2-“. Therefore f & Z, for all n in contradiction with Z = U {Z,,: n E w}. 
Now, to settle the whole affair with 1.5.5.4 + 1.5.5.0 we must learn to extend 
bounded functions (which by 3.5 are automatically continuous) from countable 
subsets of X using cT-boundedness of C,(X, I). We will see, that it is sufficient to 
be able to extend very simple functions, namely those ones which take but two 
values at infinity. But let us turn to the details. 
3.8. Proposition. For any space X the following conditions are equivalent. 
(i) The space X is b-discrete; 
(ii) APx -_ PA for a countable A c X and X is w-discrete; 
(iii) X is w-discrete and APX 
Proof. (i) 3 (ii). The space A -Px is a compactification of A and every bounded 
function on A has a continuous extension over X, hence it can be extended over 
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/IX and therefore A is C*-embedded in Apx and this proves (ii). As Au BPX = 
P(AuB)=PAuPB and AuB is a normal space, we have @=PAnpB=APXn 
Bpx, proving thus, that (ii) + (iii). Let us prove that (iii) + (ii). The space APX is 
a compactification of A with ATx n Af” = 0 for every disjoint A,, A, c A. Hence 
APX =/IA [6]. Finally, the implication (ii) + (i) easily follows from the fact that 
A is C*-embedded in j?Ac /?X together with the normality of /3X. 0 
3.9. Theorem. If C,(X, I) is cr-bounded, then X is b-discrete. 
Proof. The space X is w-discrete by 3.5 and by 3.8 we must prove that APX n Bpx = 0 
whenever A and B are countable disjoint subsets of X. 
Suppose that this does not hold, and pick A={x,: n E w\(O)} and B = 
{y,,: n E w\(O)) with An B = Q, for which there is a point z E Apx n Box. It is easy 
to construct by induction the sequences y = { Un: n E o\(O)} c 5(X) and r) = 
{ V,: n E w\(O)} c 5(X) such that 
(a) y and 77 are disjoint families and (U y) n (l., 7) = 0; 
(b) x, E U,, and y, E V, for n = 1,2,. . . . 
We now need a lemma. 
3.10. Lemma. Let Y be a bounded subset of C,(X, I), and l> E > 0. Then there exists 
a k=k(&)Ew such thatfEC,(X,Z)\Yfor aZIfwithf(xi)‘-E,f(y,)S-&for all 
i=l,...,k(E). 
Proof. Consider the open sets 17, = M(x, , . . . , x,, y, , . . . , y,,, 
(&-l/n,11 ,..., (.5-l/n,l], [-1,-.5+1/n),.. .,[-1,-.5+1/n)) 
n times n times 
where n > E-‘. 
Obviously, y, = { U,: n > E-‘} is a whirlpool. IffEn y, thenS(x,) 2 E andf(y,) s 
-e for each i 2 E-‘. As z E Apx n Bpx the function f cannot be continuously 
extended over X u {z}. Thus, n y1 = 0. It follows from 3.6 that 1 y, r YI < w. Hence 
U, n Y = 0 for some k E w. It is easy to see that k = k(c) is the required integer. q 
Returning to the proof of 3.9, assume that C,(X, I) = U {F,,: n E w\(O)} and F, 
isboundedforalln=1,2,.... 
Using 3.10 we conclude that there is a sequence {k,: n E w\{O}} c w such that 
k,,, > k, and fa F,, if f(xi) > 2-” and f(yi) G -2-” for i = 1,. . . , k,. 
Pick functions fn, g, E C,,(X, I) with fn ~0, g, ~0 and f;;‘( I\(O)) c U,,, 
g,‘(l\{O]) c V,, fn(x,) = I = -g,(y,). Let 4 = (Ci:,f,)2-” and s, = (C&, g,)2-“. 
The function h=Ci=, d,+Cz=, s, is an element of C,,(X, I). However h(x,)* 
f;(xi)2-” = 2-” and h(y;) G gl(y,)2-” = -2” for all i = 1,. . . , k,. Thus h E F, for each 
n E w\(O) contradicting the equality C,,(X, I) = U {F,: n = 1,2, . . . }. q 
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Now, let us consider the 1.5.4 case. Of course 1.5.4.1 3 1.5.4.2. The pseudocom- 
pactness of X means that C,(X) = C,*(X) and in view of 3.4 we have 1.5.4.0 + 
1.5.4.1. An easy corollary of 3.9 is the following 
3.11. Theorem. If C,(X) is u-bounded, then the space X is pseudocompact and 
b-discrete. 
Proof. That X is pseudocompact follows easily from a result of Uspenskii [24] and 
the fact that every bounded subset of C,,(X) is totally bounded for every uniformity 
on C,(X). As C,,(X, I) is a retract of C,(X) ( see the proof of 3.3(iii)), the space 
C,(X, I) is a-bounded by 3.3(i). Thus X is b-discrete by 3.9. 0 
3.12. Example. There exists a pseudocompact space X such that C,(X, I) is 
pseudocompact but not countably compact. 
Proof. Recently Sahmatov [ 171 constructed an example of infinite pseudocompact 
b-discrete space X. The space C,,(X, I) is pseudocompact by 3.4. It is not countably 
compact, for no infinite pseudocompact space is a P-space (see 1.5.3). 0 
The example 3.12 answers a question of Asanov and VeliEko [5]. 
3.13. Remark. An example of an infinite pseudocompact b-discrete space was 
implicitly constructed in Rudin’s paper [16]. But she used CH, while Sahmatov’s 
construction does not involve any set-theoretic assumptions. 
3.14. Corollary. The property P = ‘pseudocompact and b-discrete’ is a t-invariant. 
4. Completeness properties of C,(X) 
In contrast with the topology of uniform convergence on function spaces, the 
topology of pointwise convergence is seldom complete. For instance, it is only for 
countable discrete X, that C,(X) is tech-complete [9]. In the same paper Lutzer 
and McCoy proved, that if C,(X) is a Baire space, then all bounded subsets of X 
are finite. A space X has the mentioned property iff C,(X) is barreled. In fact, any 
Baire linear topological space is barreled. We will show that the opposite is not 
true even for the spaces C,,(X). 
4.1. Theorem. The following conditions are equivalent for every space X. 
(i) X is a C,-discrete space; 
(ii) C,(X) is pseudocomplete; 
(iii) vC,(X)=[wx. 
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Proof. The implication (i) + (ii) is proved by Lutzer and McCoy [9]. We will 
establish that (ii) 3 (i) =S (iii) =$J (ii). The following result is well known. 
4.2. Lemma. For every topological group G and its dense subgroup H c G we have 
H = G in case H has a Tech-complete dense subspace. 
Assume that (ii) holds. Then X is w-discrete [9]. Pick a countable AC X. We have 
to prove that s-~( C,(X)) = C,(A) = [WA. Consider the dense subgroup rA( C,(X)) = 
R*. The set A is closed in X, so the mapping ?rA is open. But an open metrizable 
image of a pseudocomplete space is pseudocomplete [l] and therefore vA( C,(X)) 
contains a dense tech-complete subspace [l]. Hence rA(Cp(X)) =[W* by 4.2 and 
(i) holds. 
The implication (i) + (iii) is an easy consequence of the theorem of Okunev [14], 
stating that the space zC,(X) = {f~ RX:f is a strictly w-continuous function}. Of 
course in a Cm-discrete space every f~ R x is strictly w-continuous, and vC,(X) 
coincides with Rx. Now, let us deduce (ii) from (iii). 
4.3. Proposition. There is a pseudocomplete sequence of r-bases {B,: n E w} in Rx, 
such that UE B,, VE B,+l, and Vc U implies Vc U. 
Proof. There exists a disjoint sequence {Q,,: n E w} of countable dense subsets of 
R. Undoubtedly, the family P,, = {(p, q) c R: p, q E (In} of all open intervals, whose 
ends lie in Q,,, is a countable base of R. Hence the family B, = 
{M(x,, . . . , X,, 01,. . . , QiJ: XiEX, QiEPn, diam(Oi)<l/n and k~w} is a base 
of Rx. (Here we think of Rx as of C,(X), where J? is a discrete space with the 
underlying set X). 
Let us prove that {B,: n E w} is a required sequence. 
4.4. Lemma. Let U=M(x ,,..., Xk, v, )...) V,) and U,=M(y,,...,y,, 
W, , . . . , W,) be standard open sets of C,(X) for an arbitrary space X. Then U c U, 
( U c U,) if and only if there exists a permutation T of the set (1, . . . , k} with the 
following properties: 
(a) yi=Xr(i)y i=l,..., 1; 
(b) Vm(i)C Wi (V_(i)C W, respectively), i= 1,. . . , 1. 
The proof of this lemma is simple and boring enough to be left to the reader. 
Pick U,=M(x, ,..., x,. V, ,..., V,)EB, and U=M(y, ,..., yk, W ,,..., Wk)~ 
B ?I+1 with U c U,. We conclude by 4.4 that yi = xVci) and Vmcijc W, for some 
permutation rr on the set (1, . . . , k}. Recall that V=(i) E P,,+l and Wi E P,,. It follows 
from the definition of P,,, that vrcijc Wi, i = 1, . . . , 1. Now, using 4.4 again we have 
UC U, and our proof of 4.3 is complete. q 
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Suppose that K,(X) = Rx. Let {B,: n E o} be a pseudocomplete sequence in Rx 
as in Proposition 4.3. We are going to prove that the sequence {B, r C,(X): n E w} 
is a pseudocomplete one. Let us bear in mind that in proving 4.3 we found out that 
all n-bases B, may be chosen to consist of regular open sets (= open sets which 
coincide with the interior of their closure). Take a whirlpool {V,,: n E W}C 
y*(C,(X)) such that v,,, c V, and V,, E B, ] C,(X), where the bar denotes the 
closure in C,(X). There is a sequence {U,, E B,: n E w} with U,, n C,(X) = V,. It 
follows from the regularity of U, that U,,, c U,, for all n E w. Therefore I?,,, c U,, 
by 4.4 and the sequence {U,: n E w} is a whirlpool, which implies F = 
n { U,,: n E w} # 0. But every nonempty Gs set in ~2 meets 2 [6]. Hence n { V,, : n E 
w} = n { Un: n E w} n C,(X) = F n C,(X) # 0. Thus, C,(X) is pseudocomplete. 0 
4.5. Corollary. The property P = ‘Cm-discrete’ is a t-invariant. 
Let us produce a whole bunch of t-invariant properties. 
4.6. Theorem. Let T be an injinite cardinal number. A space X is a P,-space if and 
only if C,(X) is pseudocomplete and Ycp(x’ is compact as soon as Y is bounded in 
C,(X) and 1 YI s T. 
Proof. Arhangel’skii proved [2], that X is a P,-space iff the closure of any pointwise 
bounded set of power c-7 is compact. (A set Y c C,(X) is pointwise bounded if 
{f(x): f E Y} is bounded in R for every x E X). But the notion of pointwise bounded 
set is not an inner topological property of C,(X). It’s easy to see that any bounded 
subset of C,(X) is pointwise bounded, but not vice versa. However, it is so in case 
C,(X) is pseudocomplete. 
In fact, let Y c C,(X) be pointwise bounded. Evidently, this holds iff cl,x( Y) is 
compact. But Rx = K,(X) by 4.1 and using 3.l(iii) we conclude that Y is bounded 
in C,(X). The last fact we need to finish the proof is that every P,-space is C,,,-discrete 
(trivially) and hence C,(X) is pseudocomplete if X is a P,-space. q 
4.7. Corollary. For every cardinal 7 the P,-property is t-invariant. 
In particular, if X is a P-space and Y L X, then Y is a P-space, which generalizes 
a result of Arhangel’skii [2] that the same is true if C,(X) is linearly homeomorphic 
with C,(Y). 
It is well known that the spaces C,(X), having some nice properties, behave 
better than Tychonoff spaces under the product operation. For instance, t( C,(X)) = 
t((C,(X))w) [3], C,(X) is FrtchCt iff (C,(X)) w is FrCchCt [22] etc. There are 
examples of Tychonoff Baire spaces X such that X x X is not Baire [ 151. It turns 
out that such examples of C,(X) do not exist. 
4.8. Theorem. Let C,(Xt) be a Baire space for each t E A. Then n { C,( Xt): t E A} is 
a Baire space. 
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The remarkable thing about this theorem is that no restrictions on the power of 
A are needed. 
Proof. It’s an easy fact (see e.g. [9]) that n {C,(X,): t E A} = C,(X) where X = 
@ {X,: t E A}. There is a criterion of Lutzer and McCoy for C,(X) to be Baire [9]. 
It states that C,(X) is Baire iff 7rB(CP(X)) is Baire for every countable Bc X. Let 
us take a countable B c X. If B, = B n X,, then the set AB = {t: B, f 0) is countable. 
As C,( X,) is Baire, the space 7~~,( C, (X,)) is Baire. But a routine verification proves 
that z-~( C,(X)) = n {rB,( C,(X,)): t E A,}. A product of separable metric Baire 
spaces is always Baire [15], so riTg(CP(X)) is Baire and there we are with the proof 
of 4.8. 0 
4.9. Remark. Lutzer and McCoy defined a topological game T(X) for every Tychon- 
off space X [9] and proved that the player I does not have a winning strategy 
provided C,(X) is Baire. They conjectured that an example, showing that the Baire 
property is not characterized by the game T(X), could have been constructed as a 
product C,(X,) x C,(X,) where C,(X,) is Baire and C,(X,) x C,(X,) is not. Theorem 
4.7 shows that other methods must be used to construct such an example. 
4.10. Example. There is a space X with the following properties: 
(i) lXl=w; 
(ii) X has exactly one non-isolated point; 
(iii) X has no infinite bounded subsets; 
(iv) C,(X) is not Baire. 
Proof. Let Q c I be the set of all rational points of the segment I. The underlying 
set for our space will be X = Q u {(fi))‘}. All points of Q are isolated in X, and 
the base at (a))’ is the family { Q\A: A c Q and A is nowhere dense in I}. Clearly, 
this is a Tychonoff topology on the set X. The space X, being Lindeliif, has (iii) iff 
all compact subsets of X are finite, i.e., there are no nontrivial convergent sequences 
in X (since every countable compact space is metrizable). A convergent nontrivial 
sequence must converge to l/a. But any infinite subset of Q contains an infinite 
subset, nowhere dense in 1. Thus, every sequence of points in Q contains a sub- 
sequence, which does not converge to l/a. Therefore (iii) holds. An auxiliary 
result is needed to prove (iv). 
4.11. Theorem. [9] Zf C,(X) is Baire, then for every sequence {Fn: n E w} ofinjinite 
disjoint families of$nite subsets of X there is F, E F,, such that U {F,, : n E w} is closed 
and discrete. 
We will prove that 4.11 is not valid for our space X, so C,(X) is not Baire. 
For an E > 0 we will call 2 c I e-dense in I if {x E I: p(x, 2) < E} = 1, where p is 
the usual metric on I. Let F,, be any infinite disjoint family of finite subsets of Q 
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which are l/ (n + 1)-dense in I. (It’s trivial and tiresome to prove in detail that such 
an F,, exists). Now if F,, E F” for every n E o, then F, is l/( n + l)-dense in Z and 
F = U {F,,: n E w} is dense in Z which implies I/&E F\F and our proof is 
complete. 0 
It is a result of Nachbin and Shirota [ll, 181 that (iii) is fulfilled iff C,(X) is 
barrelled, so we have an obvious corollary of 4.10. 
4.12. Corollary. There is a space X with C,(X) barrelled but not Baire. 
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